Non-parametric population genetic modeling provides a simple and flexible approach for 11 studying demographic history and epidemic dynamics using pathogen sequence data. 12 Existing Bayesian approaches are premised on stationary stochastic processes which may 13 provide an unrealistic prior for epidemic histories which feature extended period of 14 exponential growth or decline. We show that non-parametric models defined in terms of 15 the growth rate of the effective population size can provide a more realistic prior for 16 epidemic history. We propose a non-parametric autoregressive model on the growth rate as 17 a prior for effective population size, which corresponds to the dynamics expected under 18 many epidemic situations. We demonstrate the use of this model within a Bayesian 19 phylodynamic inference framework. Our method correctly reconstructs trends of epidemic 20 growth and decline from pathogen genealogies even when genealogical data is sparse and 21 conventional skyline estimators erroneously predict stable population size. We also propose 22 a regression approach for relating growth rates of pathogen effective population size and 23 time-varying variables that may impact the replicative fitness of a pathogen. The model is 24 applied to real data from rabies virus and Staphylococcus aureus epidemics. We find a close 25 correspondence between the estimated growth rates of a lineage of methicillin-resistant S. 26 aureus and population-level prescription rates of β-lactam antibiotics. The new models are 27 implemented in an open source R package called skygrowth which is available at 28 https://mrc-ide.github.io/skygrowth/. 29 (Keywords: phylodynamics, effective population size, growth rate, skygrowth , 30 antimicrobial resistance, MRSA) 31
epidemic history of numerous pathogens in humans and animals (Ho and Shapiro 2011) . 48 To date, all Bayesian non-parametric models have assumed that the effective 49 population size (or its logarithm) follows a stationary stochastic process such as a Several non-parametric phylodynamic models have been proposed based on Brownian motion (BM) processes and the Kingman coalescent genealogical model (Kingman 1982) .
In particular, the Bayesian non-parametric skyride model uses a BM prior to smooth trajectories of the logarithm of the effective population size (Minin et al. 2008) . Let γ(t) = log(Ne(t)) denote the logarithm of the effective population size as a function of time. The BM prior is defined as:
where τ is an estimated precision parameter, for which an uninformative Gamma prior is 99 typically used. 100 This BM prior has been adapted and applied in a variety of ways to enable statistical inference. In the skygrid model (Gill et al. 2012) , time is discretized and γ is defined to be a piecewise constant function of time over a grid with time increments h, and the value γ i is estimated for each interval i. Time intervals do not in general correspond to coalescent times in the genealogy. In this case, the BM prior is computed over increments of γ:
The genealogical data takes the form G = (c 1:(n−1) , s 1:n ) where c and s are 101 respectively ordered coalescent times (internal nodes of the genealogy) and sampling times 102 (terminal nodes of the genealogy). In the coalescent framework, the sampling times are 103 usually considered to be fixed, so that p(s) = 1 and p(G) = p(c|s). Alternatively, in some 104 variations of this model, a prior p(s|Ne) is also provided for the sequence of sampling 105 times, making this approach similar to but more flexible than sampling-birth-death-models 106 (Karcher et al. 2016; Volz and Frost 2014) .
107
Given a genealogy, the posterior distribution of the parameters τ and γ 1:m is decomposed as:
The second term is given by Equation 2 and the last term by the prior on τ . To assist with time t:
where I(x) is an indicator function equal to one when x is true and equal to zero otherwise. The probability density of the genealogical data given the population size history γ 1:m is then equal to (Griffiths and Tavare 1994):
where t 1:(2n−1) = c 1:(n−1) ∪ s 1:n is the set union of sample and coalescent times in descending 
Equating this rate with the coalescent rate under the coalescent model λ(t) = A(t) 2 /Ne(t)
130
(Kingman 1982) yields the following formula for the effective population size:
131
Differentiating with respect to time (denoting with a dot superscript) yields:
Note that in general the growth rate of the effective population size does not correspond to 133 the growth rate of Y , however if the per-capita transmission rate is constant (β = 0), we 134 haveṄe =Ẏ /(2β) ∝Ẏ . Thus, we expect that over phases of the epidemic where 135 per-capita transmission rates are nearly constant there will be close correspondence 136 between the growth or decline of the effective population size and the growth or decline of 137 the unobserved number of infected hosts. This condition is often satisfied near the 138 beginning of an outbreak which has an exponential phase. It is also often satisfied towards 139 the end of epidemics when the epidemic size is decreasing at a constant exponential rate.
140
The basic reproduction number R 0 describes the expected number of transmission infectious (as is the case for example in the SIR model), we have that during periods when 145 the epidemic growth rate is constant, each infected individual transmits at rate 146 β(t) = R(t)/ψ where ψ is the mean duration of infections. With these definitions, the 147 number of infections Y (t) varies according to the following differential equation:
Combining Equations 7, 8 and 9 leads to the following approximate estimator for 149 the reproduction number through time:
This estimator makes use of the quantityṄe(t)/Ne(t) which will be estimated in our model 
155
A growth rate prior for effective population size 156 We propose a model in which the growth rate of the effective population size is an 157 autoregressive process with stationary increments. This growth rate is defined as: 
We use the following approximate model for p(ρ i+1 |ρ i ): found performance with this approximate model to be superior to exact models on the log 169 transformation of Ne provided that h is small.
170
With the above definitions, the prior density of a sequence ρ 1:m is defined in terms of the increments:
where 
where α 0 is the expected mean of γ without covariate effects.
173
This implies, along with the BM model, the following marginal distribution of the increments:
When covariates are likely to be associated with growth rates of the effective population size instead of the logarithm of the effective population size, we can analogously define the density of increments of ρ: sampling the posterior also included in the phylodyn package.
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While the results in Figure 1A and B suggest that Ne(t) can serve as a very effective 216 proxy for epidemic size, the degree of correspondence will depend on details of the epidemic 217 model as discussed in the Methods section. Figure 1C and supporting Figure S2 shows a 218 scenario where estimates of N e (t) capture the initial rate of exponential growth but fail to 219 estimate the time of peak epidemic prevalence, and the skygrid model also fails to detect 220 that the epidemic ever decreases. This scenario was based on a higher R 0 = 5 and only Figure S3 ). When the but declining progressively to zero from 1973 to ∼1983, then stable around zero up to 255 ∼1990, followed by a period of positive growth until ∼2000, after which the growth rate 256 decreased below zero. This implies that the effective population size increased from 1973 to 257 ∼1983, then was stable until ∼1990, increased to a peak in ∼1997 and afterwards 258 decreased. Two waves of spread have therefore been inferred as in previous analyses (Biek 259 et al. 2007; Gill et al. 2016) , with the first one starting in the 1970s and ending in ∼1983 260 and the second one lasting from ∼1990 to ∼1997.
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Unfortunately the covariate data V starts in September 1978 and therefore does not 262 cover the first wave. However, the covariate data shows that the epidemic was spreading 263 very quickly between 1992 and 1997, much faster than before or after these dates, and this 264 timing corresponds fairly precisely to the second wave of spread. When the covariate data 265 was integrated into phylodynamic inference, the covariate effect size was found to be 266 statistically significant but only slightly so, with a large 95% credible interval for the Figure 3 ). We found that the covariate was significantly associated with growth rate, with
